Homework #7 - Due on November 13th

1. Let us consider a market with two firms, Firm A and Firm B, producing a homogeneous
good. However, Firm A generates more pollution than Firm B during the production
process as explained below. Firm ¢’s marginal production costs are given by c¢; where
i = {A, B}, where cp is strictly higher than c4. In addition, the social welfare function

that the regulator uses to set emission fees on these firms is
SW=CS+PS+T— FEnv

where C'S is the consumer surplus, PS is the producer surplus, 7' =t (g4 + gp) is the
tax revenue from emission fees on both firms, and Env = da(qa)? + dg(qp)? is the
environmental damage from the production of both goods, where d4 > dg. Finally,
the inverse demand function of firm i = {A, B} is

pi(¢i,qj) =1 —¢q; — q; where j = {A, B} and j # 1.

where ¢; denotes output.

a. No regulation. Find equilibrium output levels when firms do not face emission fees.
Interpret. [10 Points|

e Every firm ¢ maximizes its profits as follows

max p;(¢i,q;)¢ — ciqi = (1 — ¢ — q;) ¢ — cigs

q;>0

Differentiating with respect to ¢; yields
1-2¢i—¢q¢j—c=0

Solving for ¢;, we obtain firm ¢’s best response function

1-— C; 1
%‘(C]j) = 5 56]3’

1—

which originates at 5%, and decreases in g; at a rate of %

e Firm j’s best response function is symmetric. We can then insert ¢;(¢;) into ¢;(g;), as

follows
5 (4:)

A
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Solving for ¢;, we obtain the equilibrium output under no regulation

21—¢)—(1 —cj).

q; = 3

Since firms face different marginal production cost, cg > c4, equilibrium output becomes

Atcp

* _ 1—2c¢ * _ 1—2cp4ca
44 = — 35 and ¢qp = —4+4

£-24. In this case firm A produces more output than firm B

since cg > cy4.

b. Regulation. Find equilibrium output levels when firms face any emission fee t. Interpret.
[10 Points]

When the firm is subject to an emission fee ¢ per unit of output, the above maximization

problem becomes

max p; (¢i,4) ¢ — g =t = (1 =g = q;) ¢ = (c; + 1) g,
where only the cost in the last term changed, from ¢; to (¢; + t). Following the same steps
as in part (a), we find equilibrium output

21— (e + 0] = [1 = (¢ +1)]

q; = 3 .

which coincides with the expression found in part (b), except for the fact that each firm’s
marginal production cost is increased the emission fee.

Since firms face different marginal cost and fee, cg > ¢4 and ¢, equilibrium output simplifies

and ¢ = % For each set of parameter values, every firm ¢ sells

fewer units when it is subject to the emission fee ¢ > 0 than otherwise.

* _ 1—2cp+cp—t
to g = L2eatent

c. Identify the socially optimal output level for firm A, ¢5¢, and for firm B, ¢2°. [10 Points]
The social planner chooses output levels g4 and ¢p to maximize social welfare, as follows,

max CS+7m4+75— Env

48,96 >0

1
§(q,24 +2qaq8 + %) + (1 — qa — qB)qa — caqa

+(1 - qa — qB)qB — cBGB — daqs — A5

Differentiating with respect to g4 we obtain

ga+qp+1—294 —qp —ca—qp —2daqa =0



Further simplifying, yields
(142da)ga=1—qp —ca

Thus, solving for ¢4, we find

. 1—CA 1
T 1t2d, 1424,

C]A(QB)

Differentiating with respect to ¢p in the above maximization problem, we obtain a symmetric
expression, ¢p(qa). Inserting ¢p(qa) into qa(gp), and solving for ga, yields the socially
optimal output for the brown firm

(CB — CA) + 2dB (1 — CA)
2(dg +da(1+2dp))

SO
da =

By symmetry, the socially optimal output for the green firm is

qSO _ (ca —cp)+2da(1—cp)
B 2(dg + da (14 2dp))

d. Find the socially optimal fees () that induce firms to produce the socially optimal output
levels found in part (c). Assume that d4 =2 and dg = l,and cg = 71; and ¢y = 0. [20
Points]

e The social optimal tax induces each type of firm to produce the socially optimal output

¢’©. That is to say, we need to set ¢a(t) + qu(t) = ¢3° + ¢3°.Solving for t we obtain

1—2cqp+cg—t 1—2cg+cy—t
3 - 3 N

(142d) (1 —ca) —(1—cg)  (1+2ds) (1 —cp)— (1 —ca)
(14+2da) (1 +2dp) — 1 (14 2da) (1 +2dp) — 1

t=0.34

which is always positive.

e. Now consider the case in which both firms invest in clean technology at a cost F' > 0.
This investment reduces the amount of pollution of firm A in ags, where o € (0,1)
and that of firm B in (g4, where 8 € (0,1) and o # (. That is, when « (or j3)
approaches to zero the firm is able to reduce almost all its emissions. Identify the the
socially optimal fees (#) that induce firms to produce the socially optimal output levels.

Represent it in general terms and then assume that d4 = 2 and dg = 1,and cg = % and

3



ca = 0. Compare your results with the socially optimal fees in part (d) and discuss

under which conditions is this fee in part (d) higher than that in part (e). [50 Points]

e When the firm A is subject to an emission fee ¢ per unit of output, the above maxi-

mization problem becomes

max (1 — g4 —qp)qa — caqa — tags — F
qa>0

and when firm B is subject to an emission fee ¢ per unit of output, the above maxi-

mization problem becomes

max (1 —qa—qp)qs — cpqp —tPqa — F

qp=>0
F.O.C with respect to g4 and gp yields

1—-2q4—qgg—cya—ta = 0
1-2gp—qa—cp—1t8 = 0

solving for g4 and gg we obtain the BRF

1l—cqa—ta gp

“ = 7y Ty
_ 1—cB—tﬁ_q_A
qB —2 5

Since firms face different marginal cost and fee, cg > ¢4 and ¢, equilibrium output simplifies

1—2ca+cp—2ta+tp 1—2cp+cs—2tf+ta
3 3 :

The social planner chooses output levels g4 and ¢g to maximize social welfare, as follows,

to ¢y =

and ¢p =

max CS+7m4+7p— Env

qB,96=>0

1
5(6121 +2qaq5 + q5) + (1 — qa — q5)qa — caqa — F

+(1 — g4 — qB)as — cpq — da(aqa)® — dp(Bgp)?
Differentiating with respect to g4 we obtain

qa+aqs+1—2q4—qp —ca—qp —2ds0°qs =0

Further simplifying, yields
(1 —|—2dAa2) ga=1—qp —ca



Thus, solving for ¢4, we find

1—CA 1

QA(C]B) = 1+ 2d02 1 T QdAQQCIB-

Differentiating with respect to ¢p in the above maximization problem, we obtain a symmetric
expression, ¢p(qa). Inserting ga(gp) into ¢p(qa), and solving for ga, yields the socially

optimal output for the brown firm

so (e —ca)+2dpB(1—ca)

94 = 9B+ dacr (1 + 2dP))

By symmetry, the socially optimal output for the green firm is

/50 — (ca—cp)+2dsa (1 —cp)
B 2(dAa+dBﬂ (1+2dAOt))

The social optimal tax induces each type of firm to produce the socially optimal output ¢7¢.

That is to say, we need to set qa(t) + ¢p(t) = ¢3° 4 ¢3°.Solving for ¢ we obtain

1—2cqs+cp—2ta+tf 1—2cg+cqa—2t0+ta
3 + 3

_ (ep—ca)+2dpB(1—ca)  (ca—cp)+2daa(l—cp)
© 2(dpB+daa(1+2dpB))  2(daa+dpB (14 2daa))

and solving for ¢ we obtain

_ dpB(2ca —cp — 1) +dac*(1 — ca — 2cp — 2dpS°(ca + cp — 2))

! (@ + B)(dsB + dac®(1 + 2d55))

If we assume that d4 =2 and dg = l,and cg = }1 and cy =0

p_ A7 1) =55
Ao+ B)(B"+ 22+ 457)

Finally, in order to compare the two emissions let’s assume that the investment in clean
-5

E:
which is negative by definition since 5 € (0, 1). Therefore, the investment in clean technology

technology by firm A completely eliminates emissions, i.e., @ = 0, hence, in this case t =

induces a subsidy and the result in part (e) is lower than that in part (d) where there is no

investment in clean technology.



